The effective connectivity between input and output channels in complex coupled networks based on the transfer of electro-magnetic waves (RF, microwave or optical) plays an important role in many fields. The transfer of the waves between connected nodes in complex coupled networks is strongly influenced by the presence of non-reciprocal feedback channels with uni-directional amplification. The introduction of such non-reciprocal channels breaks the time reversal invariance of the connectivity matrix between the input and the output channels of the network. The feedback channels are intrinsically changing the spectral properties of the connectivity matrix and hence the associated static and dynamic transfer properties of the ingoing and outgoing ports of the network.
Introduction
Complex networks consisting of multiple connected channels with passive and active elements are encountered in many forms. For example the connection of wireless transmitter-to-receiver networks in the presence of active relay station or the connectivity in neural nets with amplification. When the information is transferred over the connected channels in the form of waves with frequency, wavelength and amplitude, the wave propagation characteristics are influencing both static and dynamic properties of the network. For example changing path lengths in the network may alter the transmission by constructive or destructive interference at certain wavelengths. The associated dispersive changes for all participating frequencies will modify the overall temporal response.
In the current article we will study the influence of extra channels on waves propagating in a complex network with non-reciprocal and active behavior. As a reference undisturbed network a random matrix representation of the n × m connectivity matrix, H, between the n incoming and m outgoing channels is used. The spectral properties of such systems are well known and characterized by random matrix theory [1, 2, 3] . In particular the maximum obtainable data transfer rates between multiple antenna arrays has been analyzed in detail using Random Matrix Theory to describe a multi-channel extension [4] of the Shannon capacity theory [5] for a single channel. The basis for these approaches is the singular values of H (or equivalently the eigenvalues of H † H). To study the effect of a limited number of non-reciprocal and active connections on the transfer in a network we start with a fully random system as described above and connect some input to output channels by a feedback loop (see fig.1 ). This way the original n × m connectivity matrix is reduced to a (n − s) × (m − s) matrix if s channels are connected by a feedback loop. The feedback loop may be just a passive bi-directional loop (i.e. a shunt cable) or may contain e.g. uni-directional amplifiers that break the reciprocity. Since we are interested in the changes in both forward and backward connectivity in the network, the modeling will be done on a square n × n matrix where all n ports can act as input or output. This is different from the usual representation of the connectivity matrix where ports are either input or output, but enables a novel and consistent way to analyze the influence of feedback and symmetry breaking.
S-parameter matrix description of a complex network
To analyze the complex networks with the additional feedback loops, we use an approach that is common to fully describe input and output characteristics of microwave networks in terms of the so called scattering matrix (Smatrix) [6] . With each port connected to the network, the possible incoming and outgoing waves are considered simultaneously. This allows for a detailed analysis of the reciprocity and amplification or attenuation of the network with and without feedback loops.
The S-matrix used in electronics for microwave circuits is similar to the S-and T-matrix formalism developed to describe the physics of wave scattering in classical and quantum mechanics. In both approaches the incoming and outgoing complex amplitudes of the waves are exploited to fully describe the scattering problem [7] . Here we will follow the route developed in electronic engineering for multi-port circuits [8] since it provides a practical scheme to perform computer calculations. Furthermore, the multiport approach is directly usable in measurements of circuits with a network analyzer.
In electrical engineering the S-parameter matrix of a n-multiport circuit, S i j , with i and j = 1, ..., n is used to fully characterize a linear system. The matrix elements of S describe the voltage ratios of the incoming and outgoing waves for the ports at frequency ω and are in general complex dimensionless elements. For example, S 11 is the ratio of the amplitude of the reflected wave and the incoming wave at port-1 and S 12 the ratio of the incoming wave at port-1 and the outgoing wave at port-2. The voltages are referenced to a characteristic impedance of e.g. 50Ω. Perfect matching of the incoming wave to this impedance means: S ii = 0. In a system without dissipation or amplification the S-matrix is unitary and in a reciprocal system symmetrical: S i j = S ji . The S-matrix of 2, 4 or even higher order multiport systems can be fully characterized by modern vector network analyzers if the correct calibration procedure is followed [6] .
Complex coupled multiport systems are combinations of multiport subsections where some of the ports are exposed to the outside and others are connected internally. An example is sketched in Fig.1 . Some ports of the multiport systems A, and extra section C are connected by (perfect and zero delay) cables and are not accessible from the outside. For example ports A 1 and A 2 of A are accessible from the outside and system C is a feedback loop connecting ports A 3 and A 4 . The feedback loop in C may for instance contain an amplifier that causes this section to be non-reciprocal and non-unitary.
To analyze a combination of multiport systems different approaches are possible. One way is to rewrite the Smatrix of each of the sections in terms of a T-matrix [6] describing the reflection and transmission of the waves. The complete T-matrix of the system is than the product of the T-matrices of each of the subsections. Finally transforming the T-matrix back to the S-matrix gives the results for the complete system. This approach is often used to include the effect of connecting leads in the analysis of 2-port systems. However, finding the transforms for a complex multiport system is tedious. An alternative has been worked out in connection with coupled microwave resonators to perform coupled S-parameter calculations [9] . This method uses the S-matrices of the subsystems to find the S-matrix for all exposed ports directly and is easy to implement in computation. A detailed proof of the validity and a discussion with examples can be found in [9] . Here only a short outline of the method will be given using the case in Fig.1 as an example.
The procedure starts by defining the full sized 6x6 S f -matrix for all ports occurring in the problem (ports 1, ..., 6 in Fig.1 ). Now sections A and C define a 4x4 and a 2x2 block matrix on the diagonal of S f :
. Next a 6x6 permutation matrix P is defined that rearranges the order of the ports such that all exposed ports (i.e. A 1 and A 2 ) are in a block matrix at the bottom of the diagonal of S f . In addition a connectivity matrix F is defined that indicates which ports are internally connected. In particular for the example the permutation matrix 
moves the rows associated with exposed ports A 1 and A 2 to the bottom rows and the connectivity matrix 
specifies the internal connection between ports A 3 and A 4 to C. After rearrangement the matrix G describing the coupled system is:
with G 22 a block matrix with dimensions of the total number of exposed ports (i.e. 2x2 in the example), G 11 a block matrix with dimensions of the number of unexposed ports and G 12 and G 21 the cross coupling terms. The S-matrix for the exposed ports can be found by solving the linear matrix equation associated with G by elimination. This leads to an expression of S in terms of the Schur complement of matrix G [10]:
with I the unit matrix with the same dimensions as G 11 .
In particular for the example of a uni-directional amplified loop between port A 3 and A 4 the parameters for C assuming matched ports are (C 56 = a, C 65 = 0, C 55 = 0, C 66 = 0 ) and
(The lines indicate the subdivision of G in sub-blocks). Using Eq.2 the expression for the S with feedback becomes [11] :
characterizing the feedback in the system using an ideal non-reciprocal amplifier with an amplification factor a. If the input and output ports A 1 and A 2 are matched to 50Ω, Eq.3 reduces even further (A 11 = A 22 = 0). Near poles of Γ when aA 43 1 the feedback leads to gain and self-oscillation in the system. The feedback also breaks the reciprocity in the system even if A by itself is reciprocal as can be seen from the terms in the off diagonal elements in S fb . In the next section some simulated examples of the influence of the feedback will be presented.
Numerical random matrix modeling of the feedback
In chaotic and strongly scattering systems with contact leads and reciprocal character the statistical properties of the elements of the S fb -matrix of the system may be modeled by a random matrix approach [1, 2, 3] . Simulating the consequence of random choices of the matrix elements of e.g. A in Eq.3 will demonstrate the effect of the fixed feedback loop C. In the next sections some numerical simulations will be presented.
Open dissipative 4 × 4 network with 1 loop
If system A in Fig.1 is a chaotic system with reciprocity the elements A i j = A ji can as a first approach be modeled by independent identical distributions. To represent an open or strongly dissipative network choosing a complex distribution with a constant amplitude and random phase φ:
with φ uniform distributed in [0, 1) gives a good indication of the fluctuations in the transmission at a fixed frequency. The extra terms in Eq.3 due to the feedback Γ specified in Eq.4 will disturb these fluctuations and modify the statistics. Also Γ itself is fluctuating. Computer simulation of the feedback model Eq.3 and independent complex Gaussian random terms for Aij and assuming reciprocity (Aij = A ji). The estimate of the probability distribution P(|S12|) and P(|S21|) for forward and backward transmission is illustrated in graphs a) and b) for different values of a. The offset of the curves along the y-axis in the graphs give the value of a ranging between a = 0 (bottom) to a = 0.5 in steps of 0.05. The graphs c) and d) show the results from the same simulation for the difference parameter δS (Eq.6) and the fidelity parameter η (Eq.7). Fig.2 .a shows the results of a computer simulation of the probability distribution P(|S 12 |) of |S 12 | based on a simulation of 10 5 randomly chosen realization of A and different amplification a in the feedback loop. On increasing a in the feedback, the unitary character of S f b is disturbed and leads to |S 12 | > 1 (amplification) or |S 12 | < 1 (attenuation). The results for |S 21 | (Fig.2.b) is similar to the results for |S 12 | and do not show right away the effect of the feedback on the reciprocity. To characterize the effect of feedback two different parameters will be used. The first one, δ S quantifies the difference:
where the averaging <> is over all random realizations of A. For a reciprocal system δ S = 0 as can be seen for the limit a = 0 in Fig.2 .c and spreads out rapidly for a > 0. Another parameter to characterize reciprocity and reversal time invariance we will use is inspired by the concept of fidelity used in time dependent quantum mechanics problems to characterize the stability of the quantum mechanical wave function against changes [12] . It is in particular useful to compare the time response (or equivalently the wide bandwidth frequency response) in forward or backward evolving wave functions. For now we will define the fidelity, η, for a single frequency as:
In case of a reciprocal and time reversible system, η = 1, as can be seen in Fig.2 .d. Note that the fidelity rapidly changes when the feedback loop with uni-directional amplification is present.
Unitary symmetric 4 × 4 network with 1 loop
If the undisturbed part of the network is energy conserving and reciprocal then A is a symmetric unitary matrix. In the literature stable algorithms to generate random unitary matrices have been published and are derived from a complex normal distributed random matrix of the same dimensions through a QR-decomposition [13] . For such a unitary matrix A US | det(A US )| = 1 and A US = A T US . Adding the feedback loop will change the symmetry and the unitarity of the resulting S f b (Eq.3). Fig.3 show the results for a simulation with A a unitary symmetric ensemble and a feedback loop with a bidirectional amplification (C 55 = 0, C 56 = C 65 = a, C 66 = 0) with a close to 1. Only for a = 1 the system remains unitary: a small deviation from a = 1 leads to amplification or absorption.
The 4 × 4 network with 1 loop is effectively only one channel with a strength of connectivity proportional to |S 12 | 2 ). The results for the variation of connectivity as function of a are shown in Fig.4 . For the symmetric case and a = 1, hence S f b symmetric unitary, this gives < |S 12 | >= 0.5. The asymmetric case gives always a lower connectivity than the symmetric case and stays well below 0.5 for a = 0.9...1.1. This is a significant effect of the unidirectional connectivity loop associated with the breaking of the reciprocity in the loop and the associated non-unitarity of the loop matrix C.
Multi-channel systems with feedback loop
The approach outlined in section 2 can be applied to a multiport network where A is a n × n random symmetric unitary matrix and with one loop reduces to a (n − 1) × (n − 1) network. Various parameters of the network can be extracted from a random matrix simulation. At the basis of the estimate of the signal transfer capacity is the analysis of Teletar [4, 2] . To estimate the capacity one needs the singular values of the connectivity matrix H or equivalently the eigenvalues of H † H. The so called ergodic transfer capacity C tr is specified by:
with σ a measure of the signal-to-noise that is available given the transmitter power and noise in the system (a detailed discussion can be found in [2] ). For the characterization of the transfer capacity of the simulated networks in the current work we will use only the maximum eigenvalue of H † H as a measure of the capacity. The connectivity matrix H is obtained from it is always non unitary. For lower a values the maximum eigenvalue approaches 1 for the largest networks. While for a > 1 an increase can be seen together with larger fluctuations of the average. The results as function of system size are given for a = 1 in Fig.6 .
Conclusion
In the presented analysis we demonstrated the effect of an extra connecting loop in an otherwise fully chaotic connection. Using the outlined approach, the numerical analysis can be extended to include more loops or even more complex topologies. Also the influence of the loops on the eigenvalue distribution and/or the interval distribution between eigenvalues of the transfer matrix can be tested. To obtain a reliable estimate of the distribution considerably more computation will be required. An analytical treatment of the problem is much harder. Experimental verification of the effects of loops connected to are in progress using microwaves in the 0.5 -2.5 GHz range in a high quality chaotic cavity [14] . Fig.5 for increasing dimension n × n of A and one symmetric (+) or uni-directional (x) loop with amplification a = 1. The reference line (no symbols, top curve) is for a system of the same n × n size without feedback loops.
